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Abstract 

The paper develops and studies a very general notion of dichotomy, referred to as “nonuni¬ 
form [h, k, /r, r/)-dichotomy”. The new notion contains as special cases most versions of di¬ 
chotomy existing in the literature. The paper then provides corresponding new versions of 
robustness, Hartman-Grobman theorem, and stable manifold theorem for nonautonomous dy¬ 
namical systems in Banach spaces in term of the nonuniform {h, k, fi, zy)-dichotomy. 


1 Introduction 

The well-known and established notion of dichotomy in the linear analysis of nonautonomous sys¬ 
tems, essentially originated in landmark work of Perron [39], extends the idea of hyperbolicity from 

autonomous systems to explicitly time-dependent ones. Dichotomy is of fundamental importance 
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and plays a central role in nonautonomous dynamics. It entails a clear and simple structure of the 
(extended) phase space, which in turn can be utilized to address important questions regarding, 
for instance, robustness, topological conjugacy, and invariant manifolds of nonautnomous dynam¬ 
ical systems (see Table 1 for the a summary of recent progress in the theory and applications of 
dichotomies). In the classical words of Coppel [24], “dichotomies, rather than Lyapunov’s charac¬ 
teristic exponents, are the key to questions of asymptotic behavior for nonautonomous differential 
equations”. Dichotomies have been the subject of extensive research over (at least) the past three 
decades, leading to exciting new results in areas as diverse as skew product flows, nonuniformly 
hyperbolic systems, and finite-time dynamics. We refer the reader to the references cited in Table 
1 for more details. 


Table 1: 1 

ype of dichotomies and their applications 

Dichotomy 

Definition 

Existence 

Robustnesss 

Topological 

Invariant 





conjugacy 

manifolds 

UED 

[24, 30, 39] 

[22, 24, 29, 

[22, 28, 32, 

[25, 37, 38, 

[23, 26, 49] 



39, 40, 47, 48] 

34, 41, 43, 44] 

43, 45, 46, 49] 


{h,k)-D 

[35, 36, 42] 

[36] 

[35, 36] 


[27] 

NUED 

[5] 

[5] 

[8] 

[7] 

[6] 

NUPD 

[14] 

[14] 

[1] 


[2, 3] 

N-(At, i/)-D 

[18, 20] 

[16] 

[20, 21] 


[17, 18] 

p-NUED 

[9, 10] 

[9] 

[10] 

[11] 

[12] 


Here, UED: Uniform exponential dichotomy (h,k)-D: {h,k) dichotomy 

NUED: Nonuniform exponential dichotomy NUPD: Nonuniform polynomial dichotomy 

Nonuniform (p, ^')-dichotomy p-NUED:p-nonuniform exponential dichotomy 


However, dynamical systems exhibit various different kinds of dichotomic behavior and the 
existing notions of dichotomic type are too restrictive and can not well relate all those dichotomic 
behavior. It is important and of great interest to look for more general hyperbolic behavior 
[5, 10, 14, 18, 19, 20, 21, 27, 31, 33, 36]. 
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In this paper, we introduce a new notion called nonuniform (h, k, /r, ;^)-dichotomy, which is a 
more general framework and includes as particular cases most versions of uniform and nonuniform 
dichotomy usually found in the literature. The new notion’s wide scope is due to the fact that it 
allows different growth rates in the stable space and unstable space and in the uniform part and 
nonuniform part, and the comparison functions h, k, /r, u are only assumed to be increasing and 
unbounded, but no specific form (e.g. exponential or polynomial) is prescribed for them. 

As revealed in Section 3, where the existence of nonuniform (/i, k, fi, z^)-dichotomy is charac¬ 
terized in terms of Lyapunov exponents and Lyapunov functions for a linear nonautnonomous 
dynamical system in a finite-dimensional space, the notion of nonuniform (h, k, fi, i/)-dichotomy is 
not just a routine extension of the extensive notions of uniform or nonuniform dichotomies, but 
arises naturally and has a more comprehensive description for the qualitative and stable behavior 
of linear nonautonomous dynamical systems. 

The principal aim of the present paper, then, is to provide corresponding new versions of 
the robustness (Section 4), Hartman-Grobman theorem (Section 5), and stable manifold theorem 
(Section 6) for nonautonomous continuous dynamical systems in Banach space. The study reveals 
that the new defined dichotomy still allows us to obtain results that generalize the ones in the 
literature. 

2 Definition of nonuniform (/i, /c, fi, z/)-dichotoniy 

Let B{X) be the space of bounded linear operators on a Banach space X. Consider the linear 
system 

x' = A{t)x, t e R, (2.1) 

where A{t) £ B{X). Let T{t,s) be the evolution operator of (2.1) satisfying T{t,s)x{s) = 
x{t),t,s £ R for any solution x{t) of (2.1). An increasing function u : R ^ (0,-|-oo) is said 
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to be a growth rate if rt(0) = 1, lim u{t) = oo and lim u{t) = 0. In the following, we always 

t^oo t—>■—OO 

assume that h{t),k{t), are growth rates. 


Definition 2.1. (2.1) is said to admit a nonuniform {h,k, dichotomy on M if there exists a 
projection P(t) such that P{t)T{t, s) = T{t, s)P{s), t,s gM. and there exist constants a < 0 < 6, 
e > 0 and K > 0 such that 


||T(t,s)P(»)||</r(MVf,(|s|f, t>s, 

l|r(i, s)(3(«)|| < K ''(I»I)'. »> *. 

where Q{t) = id—P{t) are the complementary projections of P{t). 


( 2 . 2 ) 


In Definition 2.1, four different functions or growth rates h, k, /r, u are chosen to characterize the 
stable space and the unstable space and also the uniform part and the nonuniform part. Intuitively, 
on the level of generality adopted here, the parameters a, b and £ can be made part of h, k, and 
n, at least in the non-trivial case ae < 0 and this would simplify many expressions later on. For 
example, when ae < 0, one can replace (2.2) with 

\\T{t,s)P{s)\\ < K fl{\s\),t>s, 

||r(f,s)Q(s)|| < K i^(l'Sl), s>t, 

where h{t), k{t),fl{t), P(t) are growth rates, or more general functions a(t, s), 6(f, s) (see [19], Bento 
and Silva consider two general bounded functions on M+). In the present paper, we deliberately 
prefer to use (2.2). The reason is that a and h play the role of Lyapunov exponents while e 
measures the nonuniformity of dichotomies and the nonuniform (h, k, /i, n)-dichotomy can be more 
closely connected with Lyapunov exponents, Lyapunov functions, and the theory of nonuniform 
hyperbolicity (see Section 3). This also implies that the nonuniform (/i,/c,/r, n)-dichotomy exists 
widely in the theory of linear nonautonomous dynamical systems. 

The nonuniform (h, k, fi, zz)-dichotomy is much more general and extends the existing notions 
of uniform and nonuniform dichotomies such as uniform exponential dichotomy {h{t) = k{t) = 
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e*,e = 0) [24], (/i,/i)-dichotomy {h{t) = k{t),e = 0) [42], (/i, fc)-dichotomy (e = 0) [36], nonuniform 
exponential dichotomy {h{t) = k{t) = e*,/i(t) = v{t) = [5, 50], nonuniform polynomial 

dichotomy {h{t) = k{t) = /r(t) = v{t) = t + 1 for t G M'*') [14], nonuniform (/r, zy)-dichotomy 
{h{t) = k{t) = fi{t) and = v{t) = v{t) for t G M'*') [20, 18, 16] , p-nonuniform exponential 
dichotomy {h{t) = k{t) = /i(t) = v{t) = for t G M"*") [10] and so on. 

The following contrived example shows the generality of the nonuniform (h, k, /r, z^)-dichotomy. 

Example 2.1. Consider the differential equation in 

A = + Ci(i))2;i, 4 = imk'it)jk{t) + C2{t))z2 (2.3) 

for t G M, where 

Ci{t) = 7?2(/l'(t)/A(i))(logA(i)cos(log/.i(t)) - 1), 

C2{t) = T]2{i>'{t)/i>{t)){logi>{t)cos{logi>{t)) - 1), 
h, k, fi, 0 are growth rates and ?7i, r/ 2 ; % are positive constants. 

Set P{t){zi, Z2) = zi and Q{t){zi, Z2) = Z2 for t G M. Then we have 

nt,s)P{s) = (h(t)/h(.))“"^ nt,s)Q{s) = {k{t)/k{s)Y 

where 

di{t) = logA(i)(sialogA(i) ~ 1) + coslogA(t) — coslogA(s) — logA(s)(sinlogA('S) — 1), 

d2{t) = log f>(t)(sinlog z>(t) — 1 ) + coslogf>(t) — cos log i>(s) — log i>(s)(sin log li'(s) — 1 ). 

It follows that 

||r(t,s)P(s)|| < e2'?2 (^h{t)/h{s)^ (^h{t)/h{s)^ , t > s, 

||T(t, s)Q(s)|| < ^A(s)/A(t)^ f>(s )^^2 < g 2»?2 ^k(^s)/k{'t)J s>t. 

This implies that (2.3) admits a nonuniform (h, k, /i, ; 2 )-dichotomy with 

K = q‘^V 2^ a = — b = r]3 and e = 2r]2- 
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Particularly, when h, k, fi, D are chosen as different functions, we obtain new nonuniform di¬ 
chotomies different to the existing ones. For example, if h{t) = t -|- 1, k{t) = e*, (l{t) = + 1 

and z/(t) = for t G M+, then (2.3) admits a dichotomy that can not be covered by any known 
dichotomy in the literatures. 


3 Existence of nonuniform (/i, /c, z/)-dichotomy 

In this section, in terms of appropriate Lyapunov exponents and Lyapunov functions, some 
sufficient criteria are established for linear dynamical systems in a finite-dimensional space to have 
a nonuniform (/i, k, /i, i/)-dichotomy. Those results show that the notion of nonuniform [h, k, /i, i^)- 
dichotomy occurs in a very natural way for linear nonautonomous dynamical systems. 


3.1 Lyapunov exponents and nonuniform (/i, A:,/i, i/)-dichotoniy 


Assnme that A{t) in (2.1) is a continuous n x n matrix function of block form, i.e., A{t) = 
diag(VFi(t), W 2 {t)) for t G M'*' and M”' = E Q) F , where dimP^ = I and dimF = n — 1. For t > 0, 
consider 

x'i=Wi{t)xi, (3.1) 

X2 = W2{t)x2 (3.2) 

and the corresponding adjoint systems 

y'l = -Wiityyu (3.3) 

y' = -W2{try2 (3.4) 


where Wi{t)* and W 2 {t)* are the transpose of Wi{t) and W 2 {t), respectively. Define ip : E ^ 


[—oo, -too] and ip : F ^ [—cCj +oo] by 


<f{xi) = limsup 

t —^~1“00 


log|ki(t)|| 

log/i(t) 


and yix^) 


lim sup 

t —^-)-oo 


log|k2(t)|| 

logA:(t) 


(3.5) 
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where xi{t) is the solution of (3.1) with xi(0) = and X 2 {t) is the solution of (3.2) with 3 : 2 ( 0 ) = X 2 
(we assume that logO = — 00 ). Then, one has the following claims 

(1) (/?(0) = —00 and -0(0) = — 00 ; 

(2) </?(cx°) = (p{xi) and il^icx^) = ipix^) for each x^ e E,X 2 ^ F and c G M \ {0}; 

(3) for any G E and X 2 ,X 2 G F, 

(p{x'i + x'{) < max{v9(xi), (^(x")}, ^’( 2:2 + 40 < max{V:(x 2 ), V'(40}; 


(4) xj;,--- , X™ are linearly independent if </?(xj;), •• • , (/?(x™) are distinct for xj;, •• • ,x™g£^\{0}; 
X 2 , • • • , x^' are linearly independent if "(/^(x^), • • • , ipix^') are distinct for X 2 , • • • , x^' G F \ 
{0}; 

( 5 ) ip has at most r < I distinct values in F \ {0}, say —00 < Ai < • • • < A,. < + 00 ; '0 has at 
most r' <n — I distinct values in F \ {0}, say —00 < Xi < ''' < Xr' < + 00 . 


Therefore, from (l)-(3), it follows that {ip, ijj) is the so-called {h, k) Lyapunov exponent with respect 
to the linear equation (2.1). 

Let yi{t) be the solution of (3.3) with yi{0) = yi and y 2 {t) be the solution of (3.4) with 
2 / 2 ( 0 ) = 2/2 • Consider ip : E ^ [— 00 , -|-oo] and ^ : F —)• [— 00 , -|-oo] defined by 


o^ r log 2/1 t) 

ip{yi) = hmsup —— 

t ^+00 logh{t) 


j 7/ 0^ r log||y2(t)|| 

and ip{y 2 ) = hmsup —— 

t ^+00 log k{t) 


(3.6) 


where h{t),k{t) are growth rates. Then 


(6) {ip, ijj) is the {h, k) Lyapunov exponent; 


(7) ip takes at most r < I distinct values in F \ {0}, say —00 < Af < • • • < Ai < + 00 ; 'ip takes at 
most f'<n — l distinct values in F \ {0}, say —00 < Xf' < ' " < Xi ^ -|-oo. 
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Let Qi,- " iQn and Cii''' j Cn be two bases of M”, they are said to be dual if Qj) = uiij for 
every i,j, where (•,•) is the standard inner product in M” and ujij is the Kronecker symbol. In 
order to introduce the regularity coefficients of ip, (p and i/j, Aj, Xi,Xi^Xi are assumed to be finite. 

Definition 3.1. The regularity coefficients of ip and (p is defined by 

7((/7, (p) = minmax{<^((5j) + ipiSi) ■ 1 < i < 1}, 

where the minimum is taken over all dual bases di, • • • ,Si and (5i, • • • ,6i oi E. 

Definition 3.2. The regularity coefficients of ijj and V’ is defined by 

7 ('i/’, 'ijj) = minmax{^(ei) + '^(ei) : 1 < z < n — /}, 

where the minimum is taken over all dual bases ei, • • • , e^-i and ei, • • • , of F. 

Theorem 3.3. Assume that ip{xi) < 0 for any xi & E \ {0} and 'ip{x 2 ) > 0 for any X 2 & F \ {0} 
with Xr < 0 < xi- Then for any sufficiently small s > 0, ( 2 . 1 ) with A(t) as in (??) admits a 
nonuniform {h,k, pL,v)-dichotomy on M+ with 

a = Xr + e, b = xi + £, e = max{7((^, (^), + n{t) = h{t)h{t), v{t) = k{t)k{t). 

Proof. Let Xi(t) be a fundamental solution matrix of (3.1). It is not difficult to show that yi(t) = 
(Xi(t)*)“^ is a fundamental solution matrix of (3.3). Let mj = </?(x{(0)) and nj = (^(^{(0)) for 
j = 1, • • • ,1, where x}(t), • • • , Xift) are the columns of Xift) and z/{(t), • • • , y{{t) are the columns 
of Yi{t). For any e > 0 and t > 0, it follows from (3.5) and (3.6) that there exists a constant 
such that ||x{(t)|| < K|/i(t)™'J+^ and ||2/'((t)|| < Klh{t)^i'~^^ for t > t and j = I,-- - On the other 
hand, there exists a sufficiently large such that ||x{(t)|| < Klh{t)'^i^^ and ||yi(t)|| < K‘lh{t)'^i^'^ 
for any t E [0, t] and j = 1, - ■ ■ ,1. Let Ki = max{.^|, then 

\\x{{t)\\ < Kihit)^^^^^, \\y{{t)\\ < Kih{t)^i^^, t>0, j = l,---,l. (3.7) 
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Note that Yi{t)*Xi(t) = id, then {x\{t), yi{t)) = iOij for i,j = I, ■■■ ,1. It is clear that, if the 
matrix Xi{t) is appropriately select, then 

7(<^, (p) = max{mj + nj : j = 1, ■ ■ ■ , 1}. 


Let U{t,s) := Xi{t)X^ ^(s) for t > s, then U{t,s) = Xi(t)yi(s)* and the entries of U(t,s) are 

' i.' 

Uik{t,s) = ^ xY{t)y^\s). It follows from (3.7) that 
j=i 

\uik{t,s)\ < ^ |x*/(t)||yi^(s)| < J]] ||x-^i(t)||||yi(s)|| 
j=i j=i 

i 

i=i 

i 

i=i 

i i 

Let C = with ll^lp = X] = 1, where ei, • • • , are the standard orthogonal basis of E. 

k=l k=l 


Therefore, 




I I 

EE 

i=l k=l 




I I 

— 'y ^ ) 

j=l k=l 


which implies that 


/II \ 

||C7(t,s)|| < I j 

\i=i k=i J 

< Kll^{h{t)/h{s)fyi{sY. 


Let X 2 Y) be a fundamental solution matrix of (3.2), then Y 2 Y) = (X 2 (t)*)“^ is a funda¬ 
mental solution matrix of (3.4). Let fhj = '^(^^(O)) and fij = '0(y2(O)) for j = I,-- - ,n — Z, 
where ^^(t), • • • , X 2 ~\t) are the columns of X 2 Y) and y^Yr " > uYi^) ^Le columns of Y 2 {t). 
Proceeding similarly to the above, there exists a positive constant K 2 such that 

\\x{{t)\\ < K 2 k{t)'^^^^ and \\y{{t)\\ < K 2 k{tY^^^, t > 0, j = l,---,n-l. (3.8) 
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Moreover, {x\{t),y2{t)) = Wjj for i,j = 1 , - ■ ■ ,n — I since Y2{t)*X2{t) = id and X2{t) can be 
appropriately selected such that 

Ip) = max{mj + ; j = 1, • • • ,n — 1}. 

Let V{t,s) = for 0 < t < s. Then V{t,s) = X 2 {t)Y 2 {s)* and the entries of V{t,s) are 

n—l 

Vik{t,s) = YP, x‘^{t)y 2 \s). By (3.8), one has 
i=i 

n—l n—l 

\Vik{t,s)\ <J2\^2it)\\y2is)\ < X] II^2(^)IIII2/2('S)II 

i=i i=i 

n—l 

n—l 

< Ki{k{s)/k{t))-^^^+^h{sr^+^kisp+^ 
i=i 

< mn - l){k{s)/k{t))-^^^+^\k{s)k{s)Y^^’^^+^ 


and 




n—l n—l 

EE 

i=l k=l 


n—l / n—l n—l 

< Y1 


n—l n—l 

i=l k=l 


_ n—l _ n—l 

where P, = YP ^k^k and ^ = 1 with ei,--- ,en-i being the standard orthogonal basis of F. 
k=l k=l 

Therefore, 


ll^(i,^)ll< 



< mn - lf{k{s)/k{t))-^^^+^\k{s)k{s)Y^^^^^+^ 


< K^in — lY{k{s)/k{t)) ^u{sy. 


The proof is complete. □ 

Intuitively, it seems very restrictive that A{t) is assumed to be of block form and Xi,Xi,Xi,Xi 
are assumed to be hnite. In fact, from the view point of Lyapunov’s theory of regularity and 
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ergodic theory, those assumptions are natural, typical and quite reasonable. For example, by the 
Oseledets-Pesin reduction theorem (see Theorem 3.5.5 in [4]), there exists a coordinate change 
(maintaining the values of the Lyapunov exponents) transforming the matrix A{t) into a block 
form for /x-almost every x with respect to a time-independent decomposition. We refer the reader 
to [4] for a more detailed exposition. 

Although the discussion is carried out for the relatively special case, in fact, one can confirm the 
existence of nonuniform (/i, k, /i.i/)-dichotomy for more general dynamical systems. For example, 
consider the linear systems 

= A{t)x, t G M'*' (3.9) 


and 


y' = B{t)y = 


^ Bi{t) 0 ^ 


y, t e 


(3.10) 


y 0 B2{t) ^ 

where A{t ), B (t) are continuous n x n matrix functions, Bi (t) and B 2 (t) are matrices of lower order 
than B{t). (3.9) is said to be reducible if there exist a continuously differentiable invertible matrix 
S{t) and a constant M > 0 such that 


S'= A{t)S - SB{t), ||5(t)||<M, ||5-nt)||<M, t G M+. 


Direct calculation shows that, if y{t) is a solution of (3.10), then x{t) = S{t)y{t) is a solution of 

(3.9) . Therefore, if (3.9) is reducible and (3.10) admits a nonuniform (h. A:,/r.i/)-dichotomy, then 

(3.9) also admits a nonuniform (h, k, /i.z/)-dichotomy. 


3.2 Lyapunov functions and nonuniform {h, k, /x, z/)-dichotoniy 

Consider the function 

H{t,x) = {S{t)x,x), t G M, x G M"", (3.11) 
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where S{t) is a given n x n matrix function and 


= -jT-Hit + h,T{t + h,t)x)\h=o- 
ah 


(3.12) 


For fixed r G M, set 


(3.13) 


:= {0} U {x G M" : T{t, t)x) > 0, t > r}, 

:= {0} U {x G M" : H{t, T{t, r)x) < 0, t > r}. 

Similar to Lemma 5 in [15], it is not difficult to show that and EJ^ are both subspaces and 
E^ 0 E^ = M” for r G M. Let U{t,T) = T{t,T)\E‘ and V{t,T) = T{t,T)\E^ for t > t. Then, one 
has 


U{t,T){E^,) = Et and y(Lr)(^“) = 


(3.14) 


Lemma 3.1 ([16]). Given continuous functions w, f : [r, t] —>• M"'' and fj > 0, if w{x) — w{t) > 
i) w{z)f{z)dz for x G [r, t], then w{x) > 'w{T)exp{fj f(z)dz) for x G [r, t]. 

Theorem 3.4. Assume that 


(i) there exists a symmetric invertible nxn matrices S G (^^(M, M"'^"') such that 

log||5(t)|| 




< oo 


(3.15) 


and 


S'{t) + S{t)A{t) + A{t)*S{t) < - id, t G M; 


(3.16) 


(ii) for a given r G M, there exist constants fg > 0,i = 1,2 such that 

x € E^, H{t,U{t,T)x) <—‘r)i{h'{t)/h{t))\H{t,U{t,T)x)\, (3.17) 

x€Ef, H{t,V{t,T)x) <-'q 2 ik'{t)/k{t))\E[{t,V{t,T)x)\; (3.18) 

(hi) there exist constants d> 0, ki, li > 0, i = 1,2 such that 

\\U{t,T)\\ <hn{t)^\ lt-rl<d (3.19) 
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and 


\\V{t,T)\\ < \t-T\< d; 


(3.20) 


(iv) h{t)/h{T) > ^{t)/^{ t) for t > t when 7)1 > 2 ki. 


Then (2.1) has a nonuniform [h,k, dichotomy on M. 


Proof. First, we show that, for r G M and t > t, 

\H{t,x)\ > i(r)-2^i||xf, X G |//(t,x)| > |z.(t)- 2^2||xf, x G Ef, 

h h 

and 

H{t,U{t,T)x) < H{t,x), xeE^, 

\H{t,V{t,T)x)\> \H{t,x)\, x£Ef. 

In fact, let x(t) = U{t,T)x for x G E^. By (3.11) and (3.16), one has 

■^H{t,x{t)) = {S'{t)x{t),x{t)) + {S(t)x'{t),x{t)) + {S{t)x(t),x'(t)) 

= {{S\t) + S{t)A{t) + A{tyS{t))x{t),xit)) <-\\xit)f. 
It follows from H{t + d,x{T + d)) > 0,x G E^ (3.19) and (3.23) that 


(3.21) 


(3.22) 


(3.23) 


H (r, x) > H (r, x) — H{t + d, x(t + d)) 

rT-\-d ^ /*r+d 


/ r+d ^ rT-\-a 

— H{r,x{r))dr > J ||x(r)|p(ir 

T+d rr+d j 

||C/(r,r)xfdr > ||xf / --^ 

Jr \\U{T,r)\y 


/ T+d 1 


> X 


d 

W 


That is, (3.21) is valid. 

For X G Ey define 9 : [r, t] -+ M"'' by 9{.s) = H{t + T — s,U{t + T — s, t)x). (3.17) together with 
Lemma 3.1 gives 

6{t) — 9(t) = H(t,U(t,T)x) — H(t,x) = [ H(v,U(v,T)x)dv < —fji [ ^ H (x, U(v, r)x)dv 

Jr Jr h{v) 

„ y h'{v) ~ h'{t + T — s) 

=I m ^ ^I h{t+r-,y ‘^‘‘‘’ 
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which means 


and 


d{t) - d{T) > t}i / — ^d{s)ds 

h{t + T-s) 


0{t) > e{T)[h{t)/h{T)f\ 


Then the first inequality of (3.22) holds. 

For X € £1“, note that H{t — d,x{T — d)) < 0, by (3.20) and (3.23), one has 


\H{t, x)| > \H{t, x)! — \H{t — d, x{t — d))\ = H {t — d, x{t — d)) — H{t, x) 
= — [ -^H{r,x{r))dr > [ ||x(r)||^dr= [ ||'F(r,r)x||^dr 

Jr-d dr 


> ll®l 


\L 




For a given r G M and any x G E^, it follows from (3.18) that 


\H{t,V{t,T))x\ - \H{t,x)\ = H{t,V{t,t)x) - H{t,V{t,T)x) 

ft . ft 

= — H{v,V{v,T)x)dv > fi 2 / \H{v,V{v,t)x)\ dv, t>T. 

Jt Jt k{v) 

By Lemma 3.1, the second inequality of (3.22) holds. 

By (3.15), direct calculation shows that there exist constants d,b such that 

||S(t)||<a(M|t|)^ + K|t|rA tGR. (3.24) 


Next we establish the norm bounds of the evolution operators U{t,T) and V{t,T), that is, for 
T G M and t > t. 




(3.25) 
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For any x & and t > t, it follows from (3.21), (3.22),(3.14) and condition (iv) that 




ll 


<SfhhV’’‘M«r‘l|S(r)lll|xp 


< 


d \h{T) 
ail ( 


< 


d 

\h{T) 

ail 

( h{t) 

d 

\h{T) 

dif 

( h{t) 

d 

\h{T) 


M(t)“>(M(|T|)'+^(|r|)')‘||i|r^ 

\ 2ki 


(f<(kl)' + KlT|)')VM“Mk''" 


-77l+2fei 

I (^(|T|)' + F(|T|)»)V(r)“Mkl|t 


which implies that the first inequality of (3.25) holds. 
For any x € by (3.24) and (3.14), one has 


\H{t,v{t,T)x)\ < d{fi{\t\y + u{\t\y)’’\\v{t,T)x\\'\ 


Then 


\\V{t,T)xf > 






2k2 


>T^Ht)-^^^{mr + H\t\y) 


dll 


-b ( Kt) 
\k{T) 


m 




that is, the second inequality of (3.25) holds. 

Let P{t) : M"" Ef, Q{t) : M"" —)■ Ey t G M be the projections. Then 


||r(t,r)P(r)|| < ||r(t,r)b* ||||P(r)|| = ||f/(t,r)|||||P(r)||, t > r, 
||T(t,r)Q(r)|| < ||r(t, r)^. || ||Q(r)|| = ||F(t, r)| ||||g(r)||, t < r. 


(3.26) 


For any 2 ; G we have z = P{t)z + Q{t)z, P{t)z G Ef and Q{t)z G Ey By (3.21), one has 
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Note that 


li 2d H 2d 


d 


|2 ^ 


= \\p{t)zr + y2<-^) ii^(^)^ir - pm + Qm 

h h 

+ ^f(t)A||S(t)j||2 + lutf^s^zf- 

Ad Ad 

< IISW^II" + ^''(*)“’l|s(*)*f ■ 

Ad Ad 

In order to complete the proof, one only needs to prove norm estimation of P{t) and Q{t). The 
discussion is divided into two cases. 

Case 1. If < d/{ll)v{tm^, then 

mt)z - + \\Qit)z + ^Mp^s{t)zf < 4-^(t)“.||S(()7||2. 

2d 2d 2d^ 


Whence, 


and 


ll^’W^II = \\Pit)z - S{t)z + i(i(tf*‘S(t)z|| 

< \\P{t)z - 'An(tf^S{t)z\\ + |;M*)“‘l|S(*)z| 
2d 2d 


< 


V2i 




= ('^+.i)'V (tf"‘l|g(«)z|l- 

2d 


||g(t)z|| = \\Q{t)z + Xu{tf^^S{t)z - Xv{tf^^S{t)z\\ 
2d 2d 

< \\Q{t)z + ^vm^S{t)z\\ + \um^\\S{t)z\ 
2d 2d 

/9/2 . /2 


Case 2. If {d/tl)fi(t) then 


\\P{t)z - lMtf^S{t)zf + \\Q{t)z + ^^T,{tf^^S{t)zf < . 

la la la^ 
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Similarly, one has 


Then 


||F(()2|| < M±lM„(t)*||S(t)2||, ||(J(()^|| < ('/^y)'T (t)*||S(t)z|| 

2d 2d 




2d 


2 d 


(v^ + l)^"l /^N2fci (\/2 + l)f2 
2 d ^ ^ ’ 2d 


||Q(i)|| < max<i II^WII- 


It follows from (3.24), (3.25), (3.26) and (3.27) that Theorem 3.4 is valid. 


(3.27) 


□ 


In order to further characterize the nonuniform (/i, k, fi, z^)-dichotomy, we establish a necessary 
condition for the existence of nonuniform (/i. A:,/i, z^)-dichotomies for the linear system (2.1). 

Theorem 3.5. If (2.1) admits a nonuniform {h,k, dichotomy (2.2) on M mt/i h, A: € C'^(M, M"*"), 
then there exists a symmetric invertible matrix function S G C'^(M, such that 


log||5(t)|| 


^“X^iog(/i(|A|)- + i.(|t|)^ 


< oo 


(3.28) 


and 


S'{t) + s{t)A{t) + A{trs{t) < - (^Pitypit)^ + Q(tyQ(t)^^ , tGi 

Moreover, there exist constants ki and ^2 such that 

H{t,T{t,T)x) < —ki{h'{t)/h{t))\H{t,T{t,T)x)\, x G Ff, 
H{t,T{t,T)x) < -k 2 {k'{t)/k{t))\H{t,T{t,T)x)\, x G Ff 
for given r G M, where Ff = P(t)(M”), Ff = Q(t)(M”') and H{t,x) is as in (3.11). 


Proof. For some positive constant 0 < d < min{—a, 6}, set 
S(t)=J^ T{v,t) P{v) 

- J ^ T{v,t) Q(v) Q(v)nv, t) j — 


(3.29) 


(3.30) 


dv 

-dv. 


(3.31) 
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It is clear that S{t) is symmetric for each t G M. Note that dT{T,t)/dt = —T{T,t)A{t) and 
dT{T,t)*/dt = —A{t)*T{T,t)*, then S{t) is continuously differentiable. From (3.11), it follows that 



(3.32) 


If (2.1) admits a nonuniform {h, k, /r, i^)-dichotomy, then M” = Ff 0 where F/ = P{t){W^) and 
= Q{t){MA). Note that {S{t)x,x) = H{t,x) > 0 for a; G Ff \ {0} and {S{t)x,x) = H{t,x) < 0 
for x G F“ \ {0}, then S{t)\F^ and S{t)\F^ are both invertible. This implies that S{t) is invertible 
for each t G M. 

By (2.2), one has 



and 



< 



-2b 


<'( 1 * 1 )"' 



k{v)) k{v) 




dv < (F^/2d)i/(|t|)^^. 


Then 



which implies that 



< lim sup — , ,, ,, - ,, ,, , 

log(^(|t|)^ 0 I^(|t|)^) 


log{K^/2d) 


H" 2 <c “hex). 
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Direct calculation leads to 


s\t) = - pitypit)^ - Q(tyQ(t)^ - A(tys(t) - s(t)A(t) 


+ r *) im) 

- L nv,ifQWQ(v)TM (II) 


—2(a+d) If 


h\v) 
h{v) 

k'jv) 

k{v) 


dv 


(3.34) 


dv. 


Thus, (3.29) holds since d < min{—a, 6}. 

For each given r € M and any x € M”, by (3.34) and h'{t), k'{t) > 0, we have 

-Ti-= \S T)x,T{t, t)x) + (5(t)--— X , r(t, t)x) + t)x, 


dt N V y V , / , V , y / ' N V y 

= + S{t)A{t) + A{tyS{t))T(t,T)x,T{t,T)x) 

< - ( 


dt 


— 2 (a+d) If 


h^{v) 

h{v) 


+ I i\nv,t)p(t)nt,T)^f (II) 

-(id)' ' m‘‘"' 


dv 


Moreover, by (3.32), one has 


dH{t,T{t, t)x) 
dt 


< 




—2(a+d) If 


h'{v) 

h{v) 


dv 


= 2{a + d)^\H{kT{kT)x)l xeF| 


dH{t,T{t, t)x) 
dt 


"'’ii L 


< -2 b- 


= -2{b-d)^\Hit,T{t,T)x)\, xePy 
k{t) 


Therefore, (3.30) holds with ki = —2(a + d) and k 2 = 2(6 — d). 


□ 
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Corollary 3.1. If (in) and (iv) in Theorem 3-4 hold and 


+ QyTQit)^ > id, 


h{t) 


k{t) 


then (2.1) admits a nonuniform {h,k, dichotomy as in (2.2) on M if and only if (i) and (ii) 
in Theorem 3.4 hold. 


4 Robustness of nonuniform (/i, /c, /i, z/)-dichotomy 


This section focuses on the robustness or roughness of nonuniform (h, k, /r, i/)-dichotomy, which 
is one of the most important properties of dichotomy. The principal aim is to show that the 
nonuniform (/i, k, /r, i/)-dichotomy persists under sufficiently small linear perturbations of the orig¬ 
inal dynamics. 

We first establish the robustness of nonuniform (h, k, /r, i/)-dichotomy in a finite- dimensional 
space by using Lyapunov functions. Consider the linear perturbed system 


x' = {A{t) + B{t))x, 


(4.1) 


where A,B^ (^(M, M"'^"). Let T{t,T) be the evolution operator associated to (4.1) and 


:= {0} U {x e M” : H{t, f{t, t)x) > 0,t > r}, 


(4.2) 


Ef := {0} U {x e M" : H{t, f{t, t)x) < 0, t > t} 

for each given r G M. It is not difficult to show that E). and Ef are both subspaces and E).(BEf = M” 
for r G M. 


Theorem 4.1. Assume that (2.1) admits a nonuniform {h,k, ^, 1 ^)-dichotomy as in (2.2) on M 
and there exist positive constants I, 5 and d such that 


||T(t,r)|| < lmm{p,(ty^,i'{ty^}, \t — t\ < d, 


(4.3) 


\\B{t)\\<6{fv{\t\) + n{\t\))-^^. 


(4.4) 
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Moreover, if (iv) in Theorem 3.4 holds and 


P*{t)P{t){h'{t)/h{t)) + Q*{t)Q{t){k'{t)/k{t)) - (SK^/d) id > id, (4.5) 

for a positive constant d < min{—a,6}, then (4.1) also admits a nonuniform {h,k, pL,u)-dichotomy 
on M. 


Proof. We first claim that condition (iii) in Theorem 3.4 holds. In fact, by the variation of constant 
method, one has 

T(t,T) = T(t, r) + J T{t,r)B{r)T{r,T)dr 
for each t, r € M and |t — t| < d. Then 

U{t,T) =f{t,T)\^, =T{t,T)\g,+ J T{t,r)B{r)f{r,T)\^,dr 
= T{t,T)\^,+ J T{t,r)B{r)U{r,T)dr. 

By (4.3) and (4.4), we have 

\\U{t,T)\\ <lfi{t)'^^ + I6n{t)‘^^ J {fi{\r\) + u{\r\))-^^\\U{r,T)\\dr 
< lp.{t)‘^‘' + i5n{t)‘^‘' j /i(r)“^^||[/(r,r)||dr. 

From the Gronwall’s inequality, it follows that, for \t — t\ < d, 

\\U{t,T)\\ < /exp{Wj}/x(t)^^ l|V^(i,T)|| = ||f(t,r)|g„|| < 1 exp{lSd}n{t)‘^P 

In order to prove (i) of Theorem 3.4, consider the matrix S{t) in (3.31). By (3.33), (3.29) and 
(4.5), we have 


S'{t) + S{t){A{t) + B{t)) + {A*{t) + B*{t))Sit) 


< -p(t)*p(t)4^ - QityQd)^ + 2||S(t)||||B*(t)|| id 


h{t) 


k{t) 


< -P(t)*P(t)4^ - Q{t)*Q{t)’^ + {5K^/d) id < - id, te 


h{t) 


k{t) 
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which, together with (3.28), implies (i) of Theorem 3.4. 


Direct calculation leads to 


dH{t,T{t,T)x) 

dt 


={{S'{t) + Sit){A{t) + Bit)) + (A* it) + B*it))Sit))fit, t)x, fit, t)x 

-2{a+d) 


< 




dv 




hiv 


kiv) J 


kiv) 


for each given r € M and any x G M"' since (3.34) holds. By (4.2) and (3.32), we get 


dHit,Tit,T)x) , TN^^(i)|rT/ rGl/ N M 

- - -< 2(a + d)-^|i?(t,r(t,T)x)|, xeE^ 


dHit,Tit,T)x) ,, T^hUt),^^, \ 

-- <-2ih-d)-yy\Hit,Tit,T)x)\, xeE^ 


The proof is complete. 


□ 


Next we characterize robustness of the nonuniform (/i, k, z/)-dichotomy in the inhnite-dimensional 
space. 

Let X be a Banach space and Y = (T, | • |) be an open subset of the parameter space (also 
Banach space). Consider the linear perturbed system with parameters 


x' = iAit) + Bit, X))x, 


(4.6) 


where B : M x T —>■ i3(X). 

Theorem 4.2. Assume that 

(ai) (2.1) admits a nonuniform (h, k, fi, i')-dichotomy as in (2.2) on M with limt^oo kit)~^ui\t\Y = 
0 and limt_>._oo /i(t)““/i(|t|)^ = 0; 

(a 2 ) there is a positive constant N such that 

/ t POO 

K\'r\)~‘^dT + ni\t\)^ ui\T\)-‘^dT < N, t G M; 

-OO J t 
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(as) there exist positive constants c and u such that, for any A, Ai, A 2 G ^ 


||5(i,A)|| < cmin{/i(|i|) ^}, 

\\B{t, Ai) - B{t, A 2 )|| < c|Ai - A 2 I • min{//(|t|)“'^“^, v{\t\)~^~^}. 

Moreover, if 

c<[KN{2K+ 1)]-^, (4.7) 

then (4.6) also admits a nonuniform {h,k, n,i>)-dichotomy on M, i.e., for each XgY, there exists 
a projection P{t, A) for t S M such that 

P{t, A)f (t, s, A) = f{t, s, X)P{s, A) (4.8) 

and 

iif((, \)p{s, A)ii < —f^^Mt)iHs)rd\s\)Hp(\s\Y + ^(|sir), i > s. 

1 - 2KKcN gj 

\\T{t, s, X)Q{s, A)|| < -- —^—{Hs)/k{t))-’^u{\s\Y{fi{\s\Y + z/(|s|)=), s>t, 

1 - 2KKcN 

where Q{t, A) = id —P{t, A) is the complementary projection of P{t, A) andT{t, s, A) is the evolution 
operator associated to (4.6) and 

K = K/{l-KcN). (4.10) 

Moreover, the stable subspace P{t,X){X) and the unstable subspace Q{t,X){X) are Lipschitz con¬ 
tinuous in X ifY is finite-dimensional. 

The proof of Theorem 4.2 is divided into several steps. First, we characterize the existence of 
some bounded solutions of (4.6) (Lemma 4.1) and show that these bounded solutions are Lipschitz 
continuous in A (Lemma 4.2). We also show that these bounded solutions admit a semigroup 
property for each A € T (Lemma 4.3). Then, with the help of the semigroup property along 
bounded solutions and the invertible operator 5(0, A) defined in Lemma 4.4, we construct invariant 
projections P{t,X) in (4.8). Finally, we deliberately establish the estimates for the evolution 
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operator in (4.9) (Lemmas 4. 5-4.8) and show that the stable and unstable subspaces of nonuniform 
{h, k, i/)-dichotomies for the linear perturbed system are Lipschitz continuous in A (Lemma 4.9). 
In the rest of this section, we always assume that the conditions in Theorem 4.2 are satisfied. 

Step 1. Construction of bounded solutions of (4.6). 

For each s G M, define 


rii := {U{t, s)t>s G B{X) : U is continuous and 1117111 < oo, (t, s) G M x M}, 
122 := {V (t, s)t<s G B{X) : V is continuous and ||I7||2 < oo, {t, s) G M x M}, 


respectively with the norms 


(4.11) 


|1 = sup{||[/(t,s)||(/i(t)//i(s)) “/r(|s|) 

||F ||2 = sup|||y(Ls)||(/c(s)//c(t))^i/(|s|)"= : t < s| . 

It is not difficult to show that (fli, || • ||i) and (122) || • lb) are Banach spaces. 

Lemma 4.1. For each A G T and s G M, 

• there exists a unique solution G 12i of (4.6) satisfying 

U^{t, s) = T{t, s)P{s) + f T{t, X)U^{t, s)dT 

J S 

/ OO 

T{t, s)dT, t>s] 

• there exists a unique solution G 122 of (4.6) satisfying 

V^{t,s) = T{t,s)Q{s) + f T{t,T)P(T)B{T,X)V^{T,s)dT 

J —OO 

— J T{t,T)Q{T)B{T, X)V^{t, s)dT, s>t. 

Proof. It is not difficult to show that U^{t,s)t>s satisfying (4.11) and V^{t, s)s>t satisfying (4.12) 
are solutions of (4.6). We next show that the operator defined by 

{J^U){t,s) =T{t,s)P{s) + J T{t,T)P{T)B{T,X)U{T,s)dT 

/ OO 

T{t, t)Q(t)B(t, X)U{t, s)dT 


(4.12) 
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has a unique fixed point in Oi for each X gY. For t > s, by (2.2), (a 2 ) and (as), we have 

/•t roo 

A^:= ||r(t,r)P(T)||||.B(r,A)||||C/(r,s)||(ir + / ||r(t, t)Q(t)|| ||.B(r, A)|| ||C/(t, s)||dT 

Js Jt 

< Kcih{t)/h{s))'^n{\s\Y //(|T|)-‘^(iT||?7||i 

/ OO 

(fc(r)A(t))-‘(fc(r)/A(f))V(|r|)-“<iT||t/||i 

< A'ciV(A(t)/A(»))V(kt)'l|t/||i 


and 


||(jf(/)(t,s)|| < K(ft(t)/ft(«))X|«|)« +4 

< A'(ft(t)/ft(s))X|«|)« +KcJV(ft(t)/ft(s))X|«|)«||C/||i. 


Then 


JiU\\i < K + KcN\\U\\i < OO, 


(4.13) 


which implies that J^U is well-dehned and —)• fli. Moreover, for each A € T, for any 

Ui,U 2 G fli and t > s, one has 


Al^ = ||r(t,r)P(T)||||i?(T,A)||||f/i(T,s)-C/2(r,s)||dT 

< Kc{h{t)/h{s))y{\s\y /V(|r|)-dr||C/i - [/2II1 

J s 


and 


/ CXD 

||r(t,r)Q(r)|||| 5 (r,A)||||C/i(r,s) - U2{T,s)\\dT 

/ OO 

v{\T\)-^dT\\Ul - U2\\l. 


Hence, 


||(Ji^[/i)(t,s) - {J^U 2 ){t,s)\\ < 4 + 4 < KcN{h{t)/h{s)r^,{\s\r\\U^ - U 2 \\i, 
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whence 


\\J^Ui - J^U2\\i < KcN\\Ui - [/2II1. 

If (4.7) holds, then the operator is a contraction and there exists a unique G fli such that 
= U^. 

In addition, define an operator J2 on 112 hy 

{J2V){t,s) =T{t,s)Q{s) + f T{t,T)P{T)B{T,X)V{T,s)dT 

J —00 

for each X gY. It follows from ( 2 . 2 ), (a2), and (as) that 

[ \\Tit,T)P{T)\\\\B{T,X)\\\\ViT,s)\\dT + f ||r(t,r)Q(r)||||B(r,A)||||I^(r,s)||(ir 

J —00 J t 

Kc{k{s)/k{t))-^u{\s\Y j {h{t)/h{T)Y{k{t)/k{T))-'^n{\T\)-‘^dT\\V\\2 

J —00 

+ Kc{k[s)/k{t))-^v{\s\Y I^{\T\)-^dT\\V\\2 

<KcN{kis)/kit)r’’ui\s\Y\\V\\2 


4 ^ ■ - 

/I4 . — 


< 


and 


Wi^VYt, s)|| < Kik{s)/k{t))-’’ui\s\Y + 

< K{k{s)/k{t))-^i^{\s\Y + KcN{k{s)/k{t))-^i2{\s\Y\\V\\2- 


( 4 . 14 ) 


Then 


\J2Vh <K + KcN\\V\\2 < 00 


( 4 . 15 ) 


and J2 : II2 ^ ^^2 is well-defined. On the other hand, we have 

IIJ2V1 - J2V2II2 < KcN\\Vi - ^2112 

for each A G T and any Vi, V2 G O2. The operator J2 is a contraction since ( 4 . 7 ) holds and there 
exists a unique G O2 such that = V^. The proof is complete. □ 
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Lemma 4 . 2 . Both and are Lipschitz continuous in the parameter A. 


Proof. It follows from Lemma 4.1 that, for any Ai, A 2 S Y, there exist bounded solutions JjY ^ G 
rii satisfying (4.11). Then, by (4.13) and (as), 

: = \\B{t,M)U^^{t,s) - B{t,\2)U^^{t,s)\\ 

< ||i?(r,Ai)17^i(r,s) -S(r,Ai)t/^^(r,s)|| + 11i?(r, Ai)t/^= (r, s) - i?(r, A 2 )t/^=(r, s)|| 

< c(Mr)/M«))“A.(|r|)—/.(|s|)^(r"i - 111 + ^1 Ai - A 2 I), 

which, together with (4.11), implies 

||[/"i(t,s)-l/"^(t,s)|| 

/*£ poo 

< / \\T{t,T)P{T)\\A^^’^^{T)dT + / ||r(t,T)Q(T)Pi'’^"(r)dr 

Js Jt 

< Kc{h{t)/h{s)r^i{\s\f p{\r\)--dT + K|r|)-"dr) {\\U^^ - \\i + K\X^- A2I) 

<i^clV(/i(t)//i(s))V(|s|)^(||t/^i -C/^2 ||i + .^|Ai-A 2 |). 


Thus 


ll^/Ai _ ; 7 A 2 ||^ < [KKcN/{l - KcN)] ■ |Ai - A 2 I. 

Similarly, for any Ai,A 2 G Y, there exist bounded solutions G 112 satisfying (4.12) and 


4^’^^(r) : = \\B{t,X,)V^^{t,s) - B{t,X2)V^Ht,s)\\ 

< \\B{T,Xi)V^^{r,s) - B{r,Xi)V^^{T,s)\\ + ||i?(r, Ai)y^^ (r, s) - i?(r, A2)y^nT ^^) 11 

< c(fc(r)A(s))-^(|r|)—Kl^irdl^"^ - ^"^Il2 + K|Ai - A2I). 


Then 


||y^i(i>'S) -'^^'(Ls)ll < [ \\T{t,T)P{T)\\A2^’^^{T)dT + f \\T{t,T)Q{T)\\A^^’^\T)dT 

J—00 J t 

< KcN{k{t)/k{s)ru{\s\r{\\V^^ - II2 + i?| Ai - A2I). 


The proof is complete. 


□ 
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Step 2. Semigroup property of the bounded solutions. 


Lemma 4.3. For each A G y, one has 


U^{t, a)U^{a, s) = U^{t, s), t > a > s; a)V^{a, s) = V^{t, s), t < a < s. 


Proof. It follows from (4.11) that 


U^{t,a)U^{a,s) = T{t,s)P{s) + j T{t,T)P{T)B{T, X)U^{t, s)dT 

+ f T{t,T)P{T)B{T,X)U^{T,a)dTU^{a,s) 

J a 

/ oo 

T{t, t)Q{t)B{t, X)U^{t, a)dTU^{a, s). 


Let L^{t,a) = U^{t,a)U^{a, s) — U^{t,s) for t > cr > s. Define the operator by 

/ t poo 

T{t,T)P{T)B{T, X)l{T,a)dT — J T{t,T)Q{T)B{T, X)l{T,a)dT, l&Qf, t > a, 
where DJ is obtained from Di by replacing s with a. For any l,li,l2 £ by (ai)-(a 3 ), one has 


\\{H^l){t,a)\\ < KcN{hit)/his)r^^{\s\Y 


and 

\\iH^h){t,a) - {H^l2){t,a)\\ < KcN{h{t)/h{s))y{\s\r\\h - hh, 

then 

< KcN\\l\\, < oo, \\H^h - H^hWi < KcN\\h - hh- 

Hence, is well-defined and C Therefore, there exists a unique G DJ such that 

= l^. Moreover, it is not difficult to show that G Df and 0 G DJ satisfying = 0 and 
, which implies that = 0. Similarly, by (4.12), (ai), (a 2 ), and (as), one has 

V^{t, a)V^{a, s) = V^{t, s) iov t < a < s. □ 

Step 3. Construction of the projection P{t,X) in (4.8). 
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For each given X gY. Define the linear operator 

P{t, A) = f{t, 0, X)U^{0, 0)f (0, t, A), Q{t, A) = f{t, 0, A)F^(0,0)f (0, t, A), t G M. 

By Lemma 4.3, P{t, A) and Q{t, A) are projections for each t gM. and 

P(t, X)T{t, s, A) = T{t, s, X)P{s, A), Q{t, X)T{t, s, A) = T{t, s, X)Q{s, A), t,s gM.. 

It is obvious that = C/^(t,0)P(0) satisfies (4.11) with s = 0 and O)Q(O) 

satisfies (4.12) with s = 0. By Lemma 4.1, 

U^{t, O)P(O) = U^{t, 0), V^{t, O)Q(O) = V^it, 0). 


Note that 


and 


^ /*oo 

P(0, A) = t/^(0,0) = P(0) - / T(0, t)Q{t)B{t, X)U^{t, 0 )dT (4.16) 

Jo 

Q(0, A) = F^(0,0) = Q(0) + / T(0, t)P{t)B{t, X)V\t, 0)dr, (4.17) 

J —oo 


then 


P(0)P(0,A) = P(0), P(0,A)P(0) =P(0,A), P(0)(id-g(0,A)) =id-Q(0,A); 
g(0)Q(0,A) = Q(0), g(0,A)g(0) = Q(0,A), g(0)(id-P(0,A)) =id-P(0,A). 
To obtain the projection P(t, A), set ^(O, A) = P(0, A) + g(0. A). 

Lemma 4.4. For each XgY, the operator S'(0,A) is invertible. 


(4.18) 


Proof. It follows from (4.18) that 


p(o. A) + g(o. A) - id = g(o)p(o, a) + p(o)g(o, a). 


(4.19) 


By (4.16) and (4.17), 

P(0)g(0,A) = P(0)F^(0,0)= r r(0,r)P(T)P(T,A)F^(r,0)dr, 

J —OO 

^ I'OO 

g(o)p(o, A) = g(o)p^(o,o) = - / t(o, t)q{t)b{t,x)u^{t, o)dT. 

Jo 
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Moreover, by (4.10), (4.13) and (4.15), one has 


C/^(t,s)|| < k{h{t)/h{s)Yii{\s\Y, t > s, 
■s)|| < K{k{s)/k{t))~^u{\s\Y, t < s. 


By (4.19)-(4.20), we have 


4=: r ||r(0,T)P(r)||||B(r,A)||||l^^T,0)||dr 

J —oo 

<KKc / ih{0)/h{T)Yik{0)/k{T))-^fii\T\)-‘^YOYdT 

J —OO 

< KKc f fi{\T\)~‘^dT 

J —OO 


and 


Then 


poo 

/ ||T(0,r)Q(r)||||B(r,A)||||C/yr,0)Mr 

poo 

<Kkc / {k{T)/k{0))-\h{T)/h{0)YKOYH\r\)~‘^dT 

Jo 

< KKc / i/(|r|)“^dT. 

Jo 


||P(0, A) + g(0. A) - id II < < KKcN. 


(4.20) 


Therefore, for each A G T, the operator S'(0,A) is invertible if (4.7) holds. 


□ 


For A G T and t G M, set 


P{t, A) = f{t, 0, A)5(0, A)P(0)5(0, A)-^ f (0, t, A), 
Q{t, A) = f (t, 0, A)5(0, A)Q(0)5(0, X)-^f{0, t, A). 


(4.21) 


Then P{t, A), Q{t, A) are projections for t G M and P{t, A) + Q{t, A) = id. Hence, (4.8) is valid. 
Step 4. Norm bounds for the evolution operator. 


Lemma 4.5. For each A G T, ||T(t, s, A)| ImP(s, A)|| < K{h{t)/h{s)Yh{\s\Y t > s. 
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Proof. First, we show that, if -2'*'(t)(*>«)) A G y is a bounded solution of (4.6) , then 


Z^{t) = T{t, s)P{s)z^{s) + / T{t,T)P{T)B{T, X)z^{T)dT 


/ oo 

T{t,T)Q{T)B{T, X)z^{T)dT, t>s. 


It is not difficult to show that 


(4.22) 


(4.23) 


P{t)z^{t) = T{t,s)P{s)z^{s) + J T{t,T)P{T)B{T,X)z^{T)dT, 

Q{t)z^{t) = T{t,s)Q{s)z^{s) + f T{t,T)Q{T)B{T, X)z^{T)dT, 

J S 

and z^{t) = P{t)z^{t) + Q{t)z^{t) for t G M. Then 

Q{s)z^{s) = T{s,t)Q{t)z^{t) - J T{s,T)Q{T)B{T,X)z^{T)dT. (4.24) 

On the other hand, one has 

\\T{s,t)Q{t)\\<K{k{t)/k{s))-’’u{\t\r 


and 


roo POO 

/ \\T{s,T)Q{T)B{T,X)z^{T)\\dT < Kc z^(|T|)"‘^(irsup||z^(r)|| 

Js Js r>s 


< KcN sup || 2 '^(r)|| < oo. 

T>S 


Let t —)• oo in (4.24), then 


/ OO 

r(s, t)Q{t)B{t, X)z^{T)dT. 


Consequently, 


POO pt 

Q{t)z^{t) = - T{t,T)Q{T)B{T,X)z^{T)dT + / T{t,T)Q{T)B{T,X)z^{T)dl 
J S J S 

/ OO 

T{t, t)Q{t)B{t, X)z^{T)dT, 


which proves (4.22). 
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For each given C ^ X and X gY, let z^{t) = T(t, s, X)P{s, X)^ be the solution of (4.6) for t>s. 
Since T(t, 0, A)C/^(0,0) and U^{t,0) are solutions of (4.6) and coincide at t = 0, then 


z^{t) = f{t, 0, A)17^(0,0)f(0, s, A)^ = U^{t, 0)f (0, s, A)^. 


Note that U^{t,0) is bounded for t G M, then 2 ;^(t)(t>s) is a bounded solution of (4.6) with the 
initial value z^{s) = P{s,X)^. By (4.22), we have 

P{t, X)f{t, s, A)^ = T{t, s)P{s)P{s, A)e + T{t, t)P{t)B{t, X)P{t, A)f (r, s, X)^dT 

T{t, t)Q{t)B{t, X)P{t, A)T(r, s, X)^dT, t > s. 



It is not difficult to show that 

=: \\T{t, r)P(r) II ||i?(r, A) || ||P(r, A)f (r, s, X^dr 

< Kc r(h(t)/h(r))V(|r|)-"||P(r,A)f(r,s,A)||||P(s,A)e||dr 

J S 

< Kc(/!(()//!(«))“;,(|»|)'||F(A)f (A)||, ||P(», A){|| j' ^(|T|)-"dT 

and 

/ OO _ 

||r(t,r)Q(r)||||B(r,A)||||P(T,A)f(r,s,A)e||dr 

/ OO ^ ^ ^ 

{k{T)/k{t))-^i'{\T\)-‘^\\P{T, A)f (r, s, A)|| ||P(s, A)C||(ir 

/ OO ___ 

(Kr)A(f))-V(|Tt)-"(A(r)/A(s))>(|s|)«||P(a,AK||dT 

/ OO 

H\r\)-^dr. 

Then 


||P(t, A)f (t, s, A)e|| < K{h{t)/h{s)rfii\s\r\\P{s, A)C|| + + 4 

<Kih{t)/h{s)rK\s\r\\p{s,xm 

+ i^ciV(Mt)/M«))V(|s|)^||P(A)f(A)||i||P(s,A)C||, 

i.e., ||P(A)T(A)||i < K. This yields the desired inequality. □ 
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Lemma 4.6. For each XeY, \\T{t, s, X)\lm.Q{s, X)\\ < K{k{s)/k{t)) ’^u{\s\Y for t < s. 

Proof. By carrying out arguments similar to that of Lemma 4.5, we can show that, for A € y, if 
is a bounded solution of (4.6), then 


Moreover, 


z^(t) = 


{t) = T{t,s)Q{s)z^{s) + f T{t,T)P{T)B{T, X)z^{T)d7 

J —OO 

T{t,T)Q{T)B{T,X)z^{T)dT. 


(4.25) 


z^{t) := f{t, s, X)Q{s, X)f = V^{t, 0)f (0, s, X)^, ^ € X, t<s 


and 2 ;'^(t)(i< 5 ) is a bounded solution of (4.6) with z^(s) = Q(s,A)^. From (4.25), it follows that 
Q{t, X)f{t, s, X)C = T{t, s)Q{s)Q{s, A)^ + f T{t, t)P{t)B{t, X)Q{t, A)f (r, s, X)fdT 

J —OO 

- T{t, t)Q{t)B{t, X)Q{t, A)f (r, s, A)^dr. 


Note that 


4=: f ||r(t,r)P(r)||||B(r,A)||||Q(r,A)f(r,s,A)^||(ir 

J —OO 

<Kc f (/i(t)//i(r))“/r(r)“‘^||Q(r, A)f(r,s, A)||||Q(s, A)^||dT 

J —OO 

< /Lc||Q(A)f(A)||2 / {h{t)/h{T))'^n{\T\)-‘^{k{s)/k{T))-'^u{\s\Y\\Q{s,X)f\\dT 

J —OO 

<iLc(fc(s)/fc(t))-'r/(|s|)^||Q(A)f(A)|| 2 ||Q(s,A)^|| f ix(|r|)-dr 

J —OO 


Al^o=: ^'||r(t,r)Q(r)||||B(r,A)||||Q(r,A)f(r,s,A)e||dr 

< {k{T)/k{t))~''u{\T\)~‘^\\Q{T, X)f{T, s, X)\\\\Q{s, X)f\\dT 

< Kc(fc(s)A(t))-^(|s|)^||g(A)f (A)||2 ||Q(s, A)C|| J' Ylrir^dr, 
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we have 


\\Q{t, X)f{t, s, A)^|| < K{k{s)/k{t))-^u{\s\y\\Q{s, A)e|| + 4 + 4o 
<K{k{s)/k{t))-^u{\s\r\\Q{s,X)a 
+ KcN{k{s)/k{t))-’’i.{\s\)y\QiX)f{X)M^^ 

Then 

||Q(A)f(A )||2 <K + KcN\\QiX)f{X)h, he., ||Q(A)r(A )||2 < K, 
which yields the desired inequality. □ 


Lemma 4.7. For each X €Y, one has 

||f(t,s,A)P(s,A)|| < K(h(t)/h(s))V(|s|r||P(s,A)||, t > s, 

\\f{t,s,X)Q{s,X)\\<Kikis)/kit))-'^u{\s\)y\Q{s,X)l t < s. 
Proof. For A G T, by (b 4 ), we have 

5(0, A)P(O) = (P(0, A) + Q(0, A))P(0) = P(0, A), 

5(0, A)Q(O) = (P(0, A) + Q(0, A))Q(0) = Q(0, A) 

Note that S{t, A) = T{t, 0, A)5(0, A)T(0, t, A) for t G M, then 


(4.26) 


Pit, X)S{t, A) = fit, 0, A)5(0, A)P(0)f (0, t. A) = f (t, 0, A)P(0, A)f (0, t, A) = P(t, A). 
Similarly, (5(t, A)5(t, A) = Qit,X). Then 


ImP(t, A) = ImP(t, A) and ImQ(t, A) = Im(5(t, A). 


By Lemmas 4.5 and 4.6, one has 

||f(t,s,A)P(s,A)|| < ||f(t,s,A)|ImP(s,A)||||P(s,A)|| 

< ||f(t,s,A)|ImP(s,A)||||P(s,A)|| 

<P(M0/Ms))V(l^l)^lins,A)||, t>s 
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and 


\\f{t,s,X)Q{s,X)\\ < ||f(t,s,A)|ImQ(s,A)||||Q(s,A)|| 


< ||f(i,s,A)|ImQ(s,A)||||Q(s,A)|| 

< k{k{s)/k{t))~''i'{\s\y\\Q{s, A)||, t < s. 


□ 


Lemma 4.8. For each X gY, one has 

iiP(t,A)ii < [K/{i-2KkcN)mt\r+u{\t\n 
||Q(t,A)|| < [K/{l-2KkcN)mt\r + u{\t\n 

Proof. For ^ S X and A G X, set 

Zi{t) = T{t, s, X)P{s, X)f,, t > s; Z 2 {t) = T{t, s, X)Q{s, X)f,, t < s. 


(4.27) 


By Lemma 4.7, {zi{t))t>s and (t))t<s are bounded solutions of (4.6). By (4.22) and (4.25), 

P{t, X)f{t, s, X)f = T{t, s)P{s)P{s, A)e + T{t, t)P{t)B{t, X)P{t, A)f (r, s, X)^dT 

T{t, t)Q{t)B{t, X)P{t, A)f (r, s, X)fdT 

and 

Q{t, A)f (t, s, A)^ = T{t, s)Q{s)Q{s, X)( + f T{t, t)P{t)B{t, X)Q{t, A)f (r, s, A)^dr 

J —CO 

T(t, t)Q{t)B{t, X)Q{t, A)f (r, s, X)fdT. 

Taking t = s leads to 




Q{t)P{t,X)^ 

P{t)Qit,X)C 


/ oo ^ ^ 

T{t, t)Q{t)B{t, X)P{t, A)f (r, t, X)CdT, 


T{t, t)P{t)B{t, X)Q{t, X)T{t, t, X)(,dT. 
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By Lemma 4.7, 


\m)P{t, A)|| + \\P{tm, A)|| < KKc (^(|t|)' jT” ..(|r|)-“dT||P((, A)|| 

J —oo / 

<kKcN{\\P{t,X)\\ + \\Q{t,X)\\). 

Since ||i^(t)|| < Kii{\t\Y and ||Q(t)|| < Kv{\t\Y , one has 

||P(t,A)|| < \\P{t,X)-P{t)\\ + \\P{t)\\ = ||P(t,A) - P{t)P{t,X) - P{t) + P{t)P{t,X)\\ + \\P{t)\\ 

= \\Q{t)P{t,X) - P{t)Q{t,X)\\ + ||P(t)|| < ||Q(t)P(LA)|| + ||P(t)Q(t,A)|| + \\P{t)\\ 

< kKcNi\\P{t,X)\\ + ||g(t,A)||) + iL/x(|t|r 

and 

||Q(L A)|| < IIQ(LA) -g(t)|| + ||Q(t)|| = ||P(LA) - P(t)|| + ||g(t)|| 

< ^iLciV(||P(LA)|| + \\Q{t,X)\\)+Kiy{\t\Y. 

Therefore, 

||P(t,A)|| + ||g(LA)|| < 2kKcN{\\P{t,X)\\ + \\Q{t,X)\\)+K{fM{\t\Y + H\t\r)- 

The proof is complete. □ 

Step 5. Lipschitz continuity of P{t, X){X), Q{t,X){X) with respect to A. 

Lemma 4.9. P{t, X){X) and Q{t, X){X) are Lipschitz continuous in A. 

Proof. By (as), T(t, 0, A) is Lipschitz continuous in A.Since and are Lipschitz continuous in A 
(Lemma 4.2), P{t, A) and Q{t, A) are Lipschitz continuous in A. Moreover, if T is finite-dimensional, 
then 5(0, A) and 5“^(0, A) are both Lipschitz continuous in the parameter. By (4.21), Lemma 4.9 
is valid. □ 
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Remark 4.1. Theorem 4.1 includes and generalizes Theorem 4.1 in [16] (nonuniform 
dichotomies) and Theorem 7 in [15] (nonuniform exponential dichotomy). When (4.6) reduces 
to x' = {A{t) + B{t))x, the conclusion in Theorem 4.2 includes and extends some existing results 
for robustness of various dichotomies, such as, robustness of exponential dichotomy (Theorem 5.6 
in [44], Theorem 3.2 in [28] and Proposition 1 of Section 4 in [24]), robustness of (h, fc)-dichotomy 
(Theorem 6 in [36]), robustness of nonuniform exponential dichotomy (Theorem 2 in [8]), robust¬ 
ness of p-nonuniform exponential dichotomy (Theorem 2 in [10]), and robustness of nonuniform 
(//, i^)-dichotomy (Theorem 4.1 in [20]). 

5 Existence of topological conjugacy 

In this section, with the help of the nonuniform (h, k, /r, z^)-dichotomy, we explore the topological 
conjugacy of nonautonomous dynamical systems in Banach spaces by establishing a new version 
of the Grobman-Hartman theorem. 

Consider the nonlinear perturbed system 

x'= A{t)x + f{t,x), (5.1) 

where / : M x X —)• X. 

Definition 5.1 (see [38]). (2.1) and (5.1) are said to be topologically equivalent if there exists an 
function H :M x X ^ X having the following properties: 

(i) if ||x|| —oo, then ||R(t,x)|| —)• oo uniformly with respect to t G M; 

(ii) for each fixed t, H{t, •) is a homeomorphism of X into X; 

(iii) L{t, •) = ■) also has property (i); 

(iv) if x{t) is a solution of (5.1), then H(t,x(t)) is a solution of (2.1). 
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The function H satisfying the above four properties is said to be the equivalent funetion of 


(2.1) and (5.1). 

Theorem 5.2. Assume that (2.1) admits a nonuniform {h,k, dichotomy as in (2.2) on M and 
h,k are differentiable. If there exist positive constants a and 7 such that, for any x,xi,X 2 S X, 


and 


\\f{t,x)\\ < amm{h'{t)h{t) Vd^l) ^A:'(^)A:(^) ^i^{\t\) ^}, 

\\f{t,xi) - f{t,X 2 )\\ < -f mm{h' {t)h{t)~^ ti{\t\)-f k' {t)k{t)-^i 2 {\t\)~^}\\xi - X 2 \\, 


K'y{l/\a\ + 1/6) < 1, 


(5.2) 


(5.3) 


then (5.1) is topologically equivalent to (2.1) and the equivalent function H{t,x) satisfies 


||//(t, x) — x|| < it'a(l/|o| + 1/6), t G M, x £ X. 


The proof of Theorem 5.2 is achieved in two steps. First, it is shown that either of the systems 
(5.4), (5.5) and (5.6) has a unique bounded solution (Lemma 5.1, 5.2, 5.3), then we construct a 
function H{t,x) and prove that H{t,x) is an equivalent function satisfying the properties (i)-(iv) 
in Definition 5.1 (Lemma 5.4, 5.5, 5.6, 5.7). 

Let X{t,tQ,xo) be the solution of (5.1) with X{to) = xq and Y{t,to,yf) be the solution of (2.1) 
with T(to) = Vo- In the rest of this section, we always assume that (5.2) and (5.3) are satished. 

Step 1. Construction of bounded solutions. 

Lemma 5.1. For any fixed (t, C) G M x X, 

z' = A{f)z- f{t,X{t,t,i)) (5.4) 

has a unique bounded solution h{t, (t, ^)) and 

\\h{t, (t,0)ll < Ka{l/\a\ + 1/6), t G M. 
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Proof. It is trivial to show that 


/ t POO 

r(t,r)P(r)/(r,X(r,f,0)hT + / T{t,T)Q{T)f{T,X{T,i,£,))dT 

-oo Jt 

is a solution of (5.4). By (2.2) and (5.2), for any t E M, we have 
l|/l(i>(i>0)ll = [ \\T{t,T)P{T)\\\\f{T,X{T,t,C))\\dT 

J —oo 

POO 

+ \\T{tx)Q{T)\\\\fiT,X{T,t,f,))\\dT 

/ t POO 

h{T)~°'~^h'{T)dT + Kah{t)^ / h{T)~^~^h'{T)dT 

-OO J t 

< Ka{l/\a\ + 1/6), 

which implies that /i(t, (t, ^)) is the unique bounded solution of (5.4) since z' = A{t)z admits a 
nonuniform (h, k, /r, i/)-dichotomy on M. □ 

Lemma 5.2. For any fixed {t,f) G M x X, 

z'= A{t)z +f{t,Y{t,i,f) +z) (5.5) 

has a unique bounded solution l{t, and 

\\l{t, (t,0)ll < Ka{l/\a\ + 1/6). 


Proof. Let 


O 3 := {z : M ^ X|||z|| < Ka{l/\a\ + 1/6)}, 


where ||z|| := sup^^j^ ||z(t)||. Then (fls, || • ||) is a Banach space. Define a mapping J on D 3 by 

{Jz){t)= [ T{t,T)P{T)f{T,Y{T,t,f) A z{T))dT 

J —OO 

/ OO 

T{t, T)Q{T)f{T, Y (t, t, 0 + z{T))dT. 

It follows from (2.2) and (5.2) that 


\\Jz\\ < Ka{l/\a\ + 1/6), ||Jzi - .Jz 2 \\ < K'y{l/\a\ + l/ 6 )||zi - Z 2 II, z,zi,Z 2 € D 3 . 
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Then J{i^3) C and J is a contraction mapping. Therefore, J has a unique fixed point l{t), i.e., 

[ T{t,T)P{T)f{T,Y{T,t,C) + l{T))dT 
J—oo 
poo 

- J T{t, r)Q(r)/(r, Y (r, i, ^ + l{T))dT. 

Next, we prove that l{t, (f, 0) is unique in the whole space by contradiction arguments. Otherwise, 
assume that there is another bounded solution l^{t, (t,^)) of (5.5), which can be written as 

[ T{t,T)P{T)f{T,Y{T,i,C) + l^{T))dT 

J —OO 

/ OO 

T(t, T)Q{T)f{T, Y (r, t, 0 + l^{T))dT. 

It is trivial to show that 

\\l-l°\\ <K^{l/\a\ + l/b)\\l-l^\\. 

Then, by (5.3), one has I = l^. Therefore, l{t, is a unique bounded solution of (5.5) and 

WKt, (t, 0 )ll < Ka{l/\a\ + 1/6), t G M. 

□ 

Lemma 5.3. Let x{t) be any solution of (5.1), then 

z' = A{t)z + f{t, x{t) + z)- f{t, x{t)) (5.6) 

has a unique bounded solution z{t) = 0 . 

Proof. It is obvious that z{t) = 0 is a bounded solution of (5.6). Next we show that z{t) = 0 is 
the unique bounded solution. Assume that z^{t) is any bounded solution of (5.6), then z^{t) can 
be written in the form 

z^{t)= f T{t,T)P{T)[f{T,x{T)+z{T))-f{r,x{r))]dT 
J —oo 

/ OO 

r(f,r)Q(r)[/(r,a:(r) + z{t)) - /(r,a;(r))]dr. 
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It is easy to show that 


\z^- 0 \\<K-f{l/\a\ + l/b)\\z^- 0 \\, 


which implies that z^{t) = 0. 


□ 


Step 2. Construction of the topologically equivalent function. 

Define 

H{t,x) = x + h{t,{t,x)), L{t,y) =y + l{t,{t,y)), x,y e X. 


(5.7) 


Lemma 5.4. For any fixed {t,x{i)) G M x X, H{t, X{t,t,x{t))) is a solution of (2.1). 


Proof. By Lemma 5.1, we have 


h{t, {t,X{tfi,x{t)))) = h{t, (t,x(t))) 


and 


H{t, X{t,t, x{fi))) = X{t,t,x{i)) + h{t, {t, X{t,t,x{t)))) = X{t,t,x{t)) + h{t, {t,x{t))). 


Note that X{t,t,x{t)) and h{t, {t,x{t))) are solutions of (5.1) and (5.4), respectively, then 


H'{t,X{t,t,x{t))) = X'{t,t,x{i)) + h'{t, {t,x{t))) 

= A{t)X{t,t,x{t)) + f{t,X{t,i,x{i))) 


+ A{t)h{t, {t, x{t})) - f{t,X{t, t, x{t))) 
= A{t)H{t,X{t,t,x{t))), 


which implies that H{t,X{t,t,x{t))) is a solution of (2.1). 


□ 


Lemma 5.5. For any fixed {t,y{fi)) G M x X, L(t,Y{t,t,y{t))) is a solution of (5.1). 


Proof. It follows from Lemma 5.2 that 


l{t, {t, Y{t, t, y(t)))) = fit, {t, y{t))), 
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then 


L{t, Y{t, t, y{i))) = Y{t, t, y{t)) + l{t, {t, Y{t, t, y{i)))) 

= y{t, i, y{i)) + l{t, {t, y{i))). 

Since Y{t,i,y{t)) and {t,y{t))) are solutions of (2.1) and (5.5), respectively, we have 

L'{t, Y{t, i, y{i))) = Y'{t, i, y{i)) + l'{t, {i, y{i))) 

= A{t)Y{t, i, yit)) + {i, y{i))) 

+ fit, y (t, t, y{i)) + lit, it, yii)))) 

= A{t)Lit,Yit,i,y{i))) + fit,Lit,Y{t,i,yii)))). 


□ 

Lemma 5.6. For any fixed t S M and y & X, H(t, Lit, y)) = y holds. 

Proof. Let yit) be any solution of (2.1). It follows from Lemma 5.4 and Lemma 5.5 that Lit, yit)) 
is a solution of (5.1) and Hit, Lit, yit))) is a solution of (2.1). Moreover, 

H'it. Lit, yit))) - y'it) = Ait)Hit, Lit, yit))) - A(t)?/(f) = Ait)iHit. Lit, yit))) - yit)) 

and 


\\Hit,Lit,yit))) -?/(f)|| < \\Hit,Lit,yit))) -L(Ly(t))|| + ||L(Ly(t)) -y(t)|| 

< 2iLa(l/|a| +1/6). 

Then Hit, Lit, yit))) — yit) is a bounded solution of (2.1) and Hit, Lit, yit))) — yit) = 0. For any 
fixed t G M, y € X, there is a solution of (2.1) with the initial value yit) = y. Then Hit, Lit, y)) = y 
holds. □ 

Lemma 5.7. For any fixed f G M and x G X, Lit, Hit, x)) = x holds. 
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Proof. Let x{t) be any solution of (5.1). It follows from Lemma 5.4 and Lemma 5.5 that H{t, x{t)) 
is a solution of (2.1) and L{t, H{t,x{t))) is a solution of (5.1). Moreover, 

L'{t, H{t,x{t))) —x'{t) 

= A{t)L{t,H{t, x{t))) + f{t, L{t, H{t, x{t)))) - A{t)x{t) - f{t, x{t)) 

= A{t)[L{t,H{t,x{t))) - x{t)] + f{t,L{t,H{t,x{t))) - x{t)+x{t)) - f{t,x{t)) 

and 

\\L{t,H{t,x{t))) -x{t)\\ < \\L{t,H{t,x{t))) -H{t,x{t))\\ + \\H{t,x{t)) - x{t)\\ 

< 2Ka{l/\a\ + l/h). 

By Lemma 5.3, we conclude that L{t, H{t,x{t))) — x{t) = 0. For any fixed t G M, x G X, there 
exists a solution of (5.1) with the initial value x{t) = x. Then L{t, H{t,x)) = x holds. □ 

We are now at the right position to establish Theorem 5.2, that is, to verify that H{t,x) is 
topologically equivalent function. From (5.7) and Lemma 5.1, it follows that, for any t G M, 

\\H{t,x) — x\\ = \\h{t, x)|| < Ka{l/\a\ + 1/6), x G X. 

Then \\H{t,x)\\ —>■ oo as ||x|| —)• oo uniformly with respect to t G M, i.e.. Condition (i) holds. By 
Lemma 5.6 and Lemma 5.7, for each fixed t G M, is homeomorphism. Then 

Condition (ii) holds. By (5.7) and Lemma 5.2, for any t G M, we have 

\\L{t,y) - y\\ = \\l{t,,y)\\ < Ka{l/\a\ + 1/6), y £ X. 

This implies that ||L(t, y)|| —)• oo as ||y|| —)• oo uniformly with respect to t G ffi. Hence, Condition 
(iii) holds. It follows from Lemma 5.4 and Lemma 5.5 that Condition (iv) holds. 

Remark 5.1. Theorem 5.2 not only includes the classical Palmer’s linearization theorem for 
hyperbolic system in [37], and also extends the idea of linearization theorems from hyperbolicity 
to nonuniform hyperbolicity. 
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6 Existence of stable invariant manifolds 


We establish in this section the existence of parameter dependence of Lipschitz stable invari¬ 
ant manifolds for sufficiently small Lipschitz perturbations of (2.1) assuming that it admits a 
nonuniform (h, k, fi, z^)-dichotomy. 

Consider the nonlinear perturbed system with the parameters of (2.1) 

x' = A{t)x + f{t,x, X), (6-1) 


where f : R x X x Y X and f{t, 0, A) =0 for any t G M and A G 1". Since the problem 
explored here is the existence of stable invariant manifold of (6.1), one only needs to carry out 
the discussion on M"*". In order to facilitate the discussion below, we make use of the following 
equivalent characterization of the nonuniform {h, k, /r, z^)-dichotomy 

m‘.s)p(s)ii<A'(^yM«)'. iir(i,sr‘<3(i)ii<A'(M^ \{tr, t>s>o. (6.2) 

Assume that there exist positive constants c and q such that 


(6.3) 


\\fit,Xl,X) - f{t,X2,X)\\ < c\\xi - X2||(||xiP IIX2P), 

\\f{t,x,Xi) - f{t,x,X 2 )\\ < c|Ai - A 2 I • 

for any t G M+,3:, xi, 3:2 G X and A,Ai,A 2 G Y. Dehne the stable and unstable spaces for each 
t G M+ by 

E{t) = P{t){X) and F{t) = Q{t){X). 


We next establish the parameter dependence of the stable manifolds as graphs of Lipschitz functions 
and begin with introducing the class of functions to be considered. For each s > 0, let Bs{g) C E{s) 
be the open ball of radius g centered at zero and set 


I 3 {t) = 


(6.4) 
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where 


C{t) = j /i(r)“^ max{/i(r)% }dT. 

Given r] > 0, consider the set of initial conditions 

= {(s,0 ■ s>0, ? G Bs{l3{s)~yr])}. 

Let Zjs = Denote by X the space of continuous functions Zjs ^ X such that 

$(s,0) = 0, $(s,B,(/3(s)-")) cF(s), 


and 

||ch(s,6)-<h(s,6)ll<ll6-6ll (6.5) 

for s > 0 and ^ 1,^2 G Bs{l3{s)~^). It is not difficult to show that d:” is a complete metric space 
induced by 

|$|' = sup : s > 0 and ^ G Bs{l3{s)~^) \ {0}| . 

For each X €Y and given ^ G X, consider the graph 

= ( 6 . 6 ) 

and the semiflow generated by (6.1): 

"^^{s,u{s),v{s)) = {t,u{t),v{t)), K = t — s>0, {s,u{s),v{s)) X E{s) X F{s) (6.7) 


where 


( 6 . 8 ) 


u{t) = T{t, s)u{s) + T{t, r)P(T)/(r, u{t),v{t), X)dT, 

v{t) =T{t,s)v{s) + f r(Lr)Q(r)/(T,u(T),u(r), A)dr. 

J S 

We now state the existence of parameter dependence of a stable invariant manifold for (6.1). 


Theorem 6.1. Assume that 


(ci) (2.1) admits a nonuniform {h,k, dichotomy as in (2.2) on M"''; 
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{c 2 ) lim k{t) ^h{tYv{tY = 0; 

>-oo 

(cs) h{t)°‘j3{tY is decreasing. 

If c in (6.3) is sufficiently small, then for each X gY, 

(di) there exists a unique function $ = G Af such that is forward invariant with respect to 
in the sense that 

for any {s,C) G n = t - s > 0] (6.9) 

(d 2 ) there exists a constant d > 0 such that 

||^^(s, 6,‘^>(5,6))-^^(5,6,^(^^,6))II < W)//i(s))V(s)^||6-e2|| (6.10) 

for any K = t-s>0 and (s,6), (s,6) ^ 

(ds) there exists a constant d* > 0 such that 

< W)A(^))V(#|Ai-A2|-||e||. (6.11) 

for any Ai, A 2 G Y. 

To obtain parameter dependence of the stable manifolds, we first introduce an auxiliary space. 
Let X be the space of functions : M'*' x X ^ X such that G X and 

^{sY) = ^{s,m-^c/m\), {s,f)^zp. 

Note that there is a one-to-one correspondence between X and X. Moreover, ,T is a Banach space 
with the norm fL 9 <1> 1 —)■ |<1>|Z^|'. It is not difficult to show that, for each <I> G one has 

||d>(s,6)-‘h(s,6)|| <2116-611, s>0, ^iY 2 €E{s). (6.12) 

The proof of Theorem 6.1 is obtained in several steps. First, we prove that, for each (s, 6 A) G 
Zp X X* X y, there exists a unique function u^'^{t, s, 6 satisfying the first equality of (6.8) (Lemma 
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6.1). In order to prove that there exists a unique function G d:” satisfying (6.16) for each 

A G y, we reduce the problem to an alternative one (Lemma 6.2) and show that there exists a 
unique function = <1>^ G A:” satisfying (6.17) (Lemma 6.5). The asymptotic behavior of the 
unique function s,^) defined in Lemma 6.1 are characterized by Lemma 6.3, 6.4, and 6.6. 

Finally, with the established lemmas, we prove Theorem 6.1 by showing that (6.9), (6.10), and 
(6.11) are satisfied. 

Lemma 6.1. Let c in (6.3) be sufficiently small. Then, for each (s,^,$. A) £ ZjS x X* x Y, there 
exists a unique function u = : M'*' —)• X with u[s) = such that, for any t > s, (6.8) holds 

and 

||u(t)|| <2K{h{t)/h{s))‘^ffisy\\^\\. (6.13) 


Proof. Let 114 be the space of continuous functions u: [s,oo) —)• X with u{s) = ^ such that 
u{t) G E{t) for t > s and ||u||* < /3(s)“^, where 


j_ f him 

l«ll* 2iL®''^\(/i(t)//r(s))Xs)^ 


t > s 


(6.14) 


It is trivial to show that is a complete metric space induced by H-H*. 

Given (s,^) G Zp and <I> G <T, for t> s and each A G T, define an operator in fl 4 by 

{L^u){t) = T{t, s)f, + T{t, r)P(T)/(r, u(r), 4>(r, u(r), A)dr. 

Then L^u is continuous in [s,oo), (L^u)(s) = ^ and {L^u){t) G E(t) for t > s. It follows from 
(6.2) and (6.3) that 


B^t) =: ||/(r,u(r),4>(T,u(T)),A)|| 

< c(||M(r)|| + ||4>(r,u(T))||) (||u(r)|| + ||4'(r,u(r))||)'^ 

< 3''+^c||u(T)f+^ 


47 




and 


||(L\)(«)|| < \\T{t,s)\\m+l‘\\T{t,T)P{T)\\B}{T]dT 

< K ('^y„(s)<||f|| + 6 ’+> 6 A"'+= h(s)-«V(s)«ta+i)(||„||.)»+iC(s), 

which implies that 

\\lWU < ^ (lien +6'^+ici^'?+i/i(s)-“V(sr(ll«ll*)''+'C'(s)) 

< ^ (1 + 6^+^ci^''+^/i(s)-“V(s)"'^/3(s)“"''C(s)) /3(s)“" < ^(1 + 6''+^ci^^+^)/3(s)-". 

Since c is sufficiently small, take c such that < 1, then L^(fl 4 ) C 04 . In addition, for 

any Mi,tt 2 S 114 , one has 


ilf(r,Ui(T),'P(T,Ui(T)),X) - f(T,U 2 (r),^(r,U 2 (T)),X)ll 

< 3 ’+‘c||ui(t) - U 2 (t)||(||mi(t)||’ + ||;. 2 (t)||’) 

a(g+l) 


< 


29+239+1^^9+1/^^^ " ;,(s)=('?+l)/ 3 (s)-"'?||ui -U2I 

\h(s)J 


and 


IL- 


'ui(t) - L^U2(t)H < \\T{t,T)P{T)\\B2iT)dT 

< 2 • 6''+'cii:''+y|ui - n2||* 


Whence, 


|L'^ui — L^U2\\* < 6'^“'“^cK'^^^||ui — 


U2\ 


Therefore, is a contraction in 124 and there exists a unique function u = £ 124 such that 

= u. Moveover, 


and 


M* < ^Iieii + i6‘'+'c2f^''+yiuiu, 


|u(t)|| < 2K{h{t)/h{s))°‘fj,{sY\\^\\ for any t>s, 


since K/{1 - {l/2)6<3+^cKi+Y < 


□ 
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Let u{t) = s,^) be the unique function defined by Lemma 6.1, that is, 

u{t) = T{t, s)^ + f T{t, T)P{T)f{T, u{t), $(t, u{t), X)dT, t > s. (6.15) 

J S 


Lemma 6.2. Given c > 0 sufficiently small and ^ £ X, for each X gY, the following properties 
hold: 

(ei) for each {s,ff) € Zp and t> s, if 


^{t,u{t)) =T{t,s)^{s,i) + / T(t,T)Q(T)/(r,u(r),d>(r,n(r)), A)dT, 


(6.16) 


then 


= - I T{t,s) ^Q(r)/(T,n(T),$(T,n(T)), A)(ir; 


(6.17) 


( 62 ) if (6.17) holds for s > 0 and ^ € Bs{(3{s) ^), then (6.16) holds for (s,^) £ Zp.^{2K). 
Proof. By (6.2), (6.3), (6.12), and (6.13), for t > s, one has 

Bsir) =■■ \\T{t,s)-^Q{t)\\ • ||/(T,n(T),$(T,n(T)),A)|| 

<3»+‘cK(hh) 

and 


-e{q+l) 


/ oo / poo 

Bsiffidr < 6^+^ciL''+2A:(s)^/i(s)-“(''+^V(s)"^'^+^^/3(s)“"^'^+^^ x U A:(r)-^/i(r)“(''+^)z^(r)"dr 
< 65+^ciL''+2fc(s)^/i(s)-“(''+^V(s)"^'^+^^^(s)“"''C(s) < 00 , 

which imply that the right-hand side of (6.17) is well-dehned. 

Assume that (6.16) holds for (s,^) £ and t>s, then (6.16) rewrites 

^(s, 0 = T{t, s)~^^{t, u{t)) - f T{t, s)~^Q{T)f{T, u{t), d>(r, u{t)), X)dT. (6.18) 
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From (6.2), (6.12), and (6.13), it follows that 


||r(i,s)-‘<I.(i,a(i))|| < (M) \{tY (M)\(s)»^(s)- 


Then, letting t —>• oo in (6.18) yields (6.17). 

If (6.17) holds for any (s,^) E then, for (s,^) E Zp.^{2K), 

and hence, E Zf^ for any t > s. By (6.17), one has 

T{t,s)<^{s,^) = - ^(i,T)Q(T)/(r,«(r),^>(r,u(r)), A)(iT 

/ OO 

r(t, T)Q{T)f{T, u{t), 4>{t, u(r)), X)dT 
= - [ T{t, T)Q(T)/(r, u{t), ^>(r, u(r)), X)dT + 4 >{t, /i(t)), 

J S 

where, in the last equality, (6.17) is used with (s,0 replaced by 


□ 


Lemma 6.3. If c is sufficiently small and uft) = tt'^’'^(t, s, .^j), i = 1,2, then there exists a Ki > 0 
such that 

\\ui(t)-U 2 {t)\\<Ki{h{t)/h{s)yfi{sY\\fi-f, 2 \\, t>s. (6.19) 


Proof. It follows from (6.3), (6.12) and (6.13) that 


B^ir) =: ||/(T,ui(r),^>(r,ui(r)), A) - /(r, U2(r), ^>(r, n2(T)), A)|| 

< 3‘'+^c||ni(r) - U2(r)||(|K(r)r + ||«2(r)|n 


||ui(t) -M 2 (t)|| < ||T(t,s)(^i -f, 2 )\\+ \\T{t,T)P{T)\\B^{T)dT 

+ 2 • 6i+^cKi+^\\ui - U2\U X /x(s)"(5+^)/3(s)-"'?^ /i(r)“''i/(r)"dT. 
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Then 


Iki - ^211* < ^116 - C 2 II + 6‘'+^ciC‘'+^||ui - U2\\*, 

which yields (6.19) with Ki = K/(\ — cK‘^~^^). □ 

Lemma 6.4. If c is sufficiently small and let Ui{t) = u^^'^{t,s,f),i = 1,2, then there exists a 
K 2 > 0 such that 

\\ui{t) - U 2 {t)\\ < K 2 {fr{t)/n{s))‘^\\f\\- ^ 2 \', t>s. (6.20) 

Proof. For simplicity, write Ui = for i = 1, 2. A straightforward calculation shows that 

^5 W =: \\f{T,ui{T),^i{T,ui{T)),\) - /(r,n2(r),4>2(r,U2(r)), A)|| 

< 3''c[3(||mi(t) - M 2 (r)||)(||ui(r)||'? + ||u 2 (r)||'?) 

+ (iiui(r)i|.|chi-ch2r)(iki(T)r + iin2(T)r)] 

< [2-6'?+ici^'?+i||ui -U 2 II* 

+ 4-6^ciF^+iel|-|^i-^2r] X 

and 

||ui(t) - U2(t)|| < [ \\T{t,T)P{T)\\B^{T)dT 

J S 

< |2.6’+‘cK«+‘||ai - U 2 II, + 4.6«cJs:’+‘||{|| ■ |4>, - $ 2 !'] 

X K (M)\(,)-V(5)'1’+‘)/3(<.)-'''C(s). 

Then 

II^XI - U2\\, < [h-'+iciF-'+illui - U 2 IU + 2 • h^ci^-J+illCII • |4>1 - $2lV(s)-". 

This establishes (6.20). □ 

Lemma 6.5. If c is sufficiently small, then, for each A G T, there exists a unique function 
$ = G A such that (6.17) holds for any (s,^) G Z^. 


Ht) 

h{s) 


a(g+l) 


^(s)e(9+i)/3(s)-£<?^ r > S 
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Proof. For each A G y and any (s,^) G Z^, define an operator by 


(J^$)(s, 0 = - J s ) ^Q(r)/(T, u { t ), $(t, u { t )), X)dT, $ G Af 

where u = is the unique function defined by Lemma 6.1. It is not difficult to show 

that J^<I> is continuous and (J^<I>)(s,0) = 0 for s > 0. Moreover, for any ^ 1,^2 G let 

Ui{t) = s, ^i), i = 1, 2,. By (6.2), (6.13), and (6.19), we have 

'■ ^ \\f{r.ui{T).'p{T,ui{T)),X) - /(r,'U 2 (T),$(T,ii 2 (r)), A)|| 

< 3’+‘6||«i(t) -«2(t)||(||u,(t)||’ + ||u2(t)||’) 

< 6^+iciL^iLi j - 611 

and 

/ OO 

\\T{T,s)-^Q{r)\\B^iT)dT 

< 6''+6iL«+^iLiA:(s)^/i(s)-“(''+^) x /i(s)"(''+^)/3(s)-"''C(s)||6 - 611 

<6''+6K'?+iiLi||6-6l|. 

If c is sufficiently small, then 

||0"<|.)(«,6)-0"<f)(s.6)ll<l|{i-{2ll 

and one can extend J<I> to M+ x AC by {J^){s,f) = (J<h)(s,/3(s)“^,^/||.^||) for any {s,f) 0 
Hence, J{X) C <L. 

Now we show that J is a contraction. For any <l>i, <^2 G X, write Ui{t) = s, ^), i = 1, 2, 

for each (s,^) £ Z^, by (6.12), (6.13), and (6.20), one has 

■ = \\f{r,Ul{T),^l{T,Ul{T)),X) - /(r,U2(T),$2(T,U2(r)), A)|| 

< 3'?c(3||ui(r) - U 2 {t)\\ + ||ui(r)|| • |^>i - ^ 2 \'){\\ui{t)Y + WM'^W) 

“(9+1) 

< 2 • b'icKY2K + 3K2m\\ • l^hi - $21' X ^(s)^(''+i)/3(s)-^'? 
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and 

/ OO 

\\T{T,s)-^Q{T)\\B^{T)dT 
< 2 • Q^cK^{2K + 3K2)U\\ ■ |^>i - $21'- 

If c is sufficiently small, then is a contraction. Therefore, for each A G T, there exists a unique 
function G T such that (6.17) holds for any (s,^) G Zj^. From the one-to-one correspondence 
between X and X, it follows that there exists a unique function G T such that (6.17) holds for 
each A G T and any {s,^) G Zp. □ 

Lemma 6.6. For each (s,^) G let Ui(t) = s,^), i = 1,2, then there exists a > 0 

such that 

ll^^i(i) - U2it)\\ < K3{h{t)/h{s))'^n{sy\\Xi - A 2 II • IICII- 
Proof. By Lemma 6.1, 6.3, and 6.4, we have 

: = ||/(r,ui(T),4>^i(r,ui(r)), Ai) - /(r, U 2 (r), 4*^2 ('t-^ ^^(t)), A 2 )|| 

< \\fiT,ui{T),^^^{T,ui{T)),Xi) - /(r,ni(r),4>'^i(r,ui(T)), A 2 )|| 

+ \\f{T,Ul{T),^^^{T,Ul{T)),X2) - f{T,U2{T),^^^{T,U2{T)),X2)\\ 

< 6''+^iL'?+ic(/i(T)//i(s))“(''+^)/r(s)"(''+i) 

X [iAi - A2I. ii{ir+> + 2 ii{ini«i - U2I1. + |i$A. _ , ||j||,+i| 

and 

/ OO 

\\T{T,s)-^Q{T)\\B^^’^^T)dT 

< h'\Xi - A2I • lien + 2h'||ui - U 2 \U + (2/3)/i'|$^i - . II^II. 

where h' = 2- 3'^^^K‘^c. If c is sufficiently small, let H = h'/{I — (2/3)/i'), then 

\\^^^{s,c) - 4>^^(s,e)ii < H\xi - A 2 I • lien + 27711^1 - m*- 
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It follows from (6.8) that 


\\ui{t) - U 2 {t)\\ < \\T{s,T)P{T)\\B^^^^T)dT 

< h' ((1 + (2/3)i7)|Ai - A 2 I • lien + (2 + (4/3)//)||n"i - «"=||.) ih{t)/h{s)r 

Thus, 

iimi - ^i 2 ii* < [K3/(2iir)]|Ai - A 2 I • lien, 

where K 3 = h'{l + 2F/3)/(l - h'{l + 2Hj3)lK). □ 

We are now at the right position to establish Theorem 6.1. 

Proof of Theorem 6.1. Sum up the above claims, we have the following conclusions. 

• From Lemma 6.1, it follows that, for any (s,e, 4>,A) E Zp x X x Y, there exists a unique 

function u{t) = s,e) S 124 - By Lemma 6.2 , 6.5 and the one-to-one correspondence 

between X and X, for s > 0 and ^ £ Bg ((/3(s) • /{2K)), there exists a unique function 

^ £ X such that (6.16) holds for each X £Y. For (s,C) G Zp.^{2K), by (6.13), one has 

nu(t)n < 2 K{h{t)/h{s)r^Ji{sY^{fi{s) • 

which implies that {t,u{t)) £ Zp, t > s. Therefore, (6.9) holds and is forward invariant 
with respect to the semiflow for each A G T. 

• For any (s,^i), ( 5 ,^ 2 ) G Z^.^(2iL), A G T, and At = t — s > 0, by Lemma 6.3, we have 

||4/^(s,6,‘^(s,6))-'i'^(^,6,‘&(^,6))ll 

= II ( 2 , s, 6), 4>^(t, S, ^ 1 ))) - {t, s, 6), ^^(L S, 6)))|| 

< 3||u'*’’^(t,s,^i) - u'^’^(t,s,6)|| < 3Ki{h{t)/h{s)Yn{sY\Yi - 6||- 
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• It follows from Lemma 6.6 that for (s,^) G Ai, A 2 G Y, and k = t — s > 0, we have 

(s, 6) -^(«, 0)II 

= \\{t,Ul{t),<^^^{t,Ul{t)) - {t,U2{t),^^^{t,U2{t))\\ 

< ||ui(t) - ?X2(t)|| + - ^^^(L'W2(t))|| 

< ||ui(t) - ti2(t)|| + - ^^H^)''^2(i))|| + \\^^Ht,U2{t)) - $^2(t,tt2(t))|| 

<3||ni(t)-^r2(i)|| + ||<f>^^-‘h^M'll«2(t)|| 

< [3K3 + 2KH{1 + ^)\ ^(s).||A, - A,I . ||{||. 

The proof of Theorem 6.1 is complete. □ 

Remark 6.1. Theorem 6.1 includes and extends Theorem 1 in [13]. In particular, if the parameter 
A is absent from (6.1), then Theorem 6.1 includes and extends some existing stable manifold 
theorems, for example, Theorem 1 in [6] (nonuniform exponential dichotomy). Theorem 2.1 in [18] 
(nonuniform (/r, z 2 )-dichotomy), and Theorem 2 in [12] (p-nonuniform exponential dichotomy). 
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